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The concept of genus of an invariant , closed set A

in a paraccsnpact free G-space E is introduced for any

cc~ipact Lie group G and the general re sult that G-genus

• A cat BA is proven whe re B = E/G , A* = E/G and cat is

short for Ljusternik-Scheirelman category. As a special

case , the concept of genus (Krasnose]skii) coincides with

the notion of category (Ljustern ik -Scthire lman ) as esployed

in a re al. or complex Banach space.
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SIGN IFICANCE AND EXPLANATION

A central problem in various applications of mathematics to the sciences

is the determination of critical points of functi ons and the corresp onding

critical values , i . e . ,  points where the function exhibits unusual behavior

and the values of the function at these points . For example , the maximum

and minimum values of the function are among its critical values. It is also

important to find other critical values which might be local extremes , points

of inflection s, saddle points etc . using a very special classification of

subsets of the domain , Ljust ern ik and Schnirelman devised a technique for

finding these additional critical points . Later , Kr asi~oselskii developed

an alternative classification of subsets of the domain providing an (osten-

sibly) alternative method . The natural question arises as to whether the

Kras noselskii method provides a different set of critical values than the

Ljusternik -Schnire 1ma~ method . The object of this note is to verify that

these two method s provide precisely the same set of critical values , so that

additional critical values are not obtained by combining the two methods .
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The responsibility for the wording and views expressed in this descript ive
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THE RELATIONSHIP BLTWEEN WUSrEJ~~IK-SCHNIREIZ4AN CATEGORY

AND THE CONCEPT OF G~~ US

Edward Fadeli t

1. Introduction.

The Mis-Max Principle in critical point theory as introduced by Ljusternik-

Scheirelman (13 is based on the concept of category of a set X in an ambient

space B . Kra anoselskii (23 and others (3] , (43 , employed the concept of

genus instead of category. For example , consider the following setting. Let

E denote a B nach space and observe that {-l ,l } acts f reely on S - 0

by scalar multiplicat ion . Let ~ denote the closed invariant (symmetric) sub-

sets of E - 0. Furthermore , let B — E-O/Z2 and for A E E , set A* = A/

Then ,

cat BA = k

is defined to mean that there exist k sets A1,... lAk in E such that for

each i , A~~ is contrac tibl e to a point in B and k is minimal with th is

property (k ~~, allowad) . Thus the function y given by

y (A) — catBA

classi fies the elements of E

Alternatively , following Krasnose lskii [2], the statement

genusA k

is de fined to mean that there exist s an equivariant (odd) map f:A ~

and k is minimal with this pr operty (k — means that there is no equivariant

k k
map f:  A fl~ -0 , for any finite k and, as usual, ~~ is Euclidean k-space).

1.1 Remark. Actually this concept of “genus ” was introduced and studied

earlier by Yang [5) under the n ame “B—index ” . In fact , genus A — B-index + 1.

Department of Mathematics , Unive rsity of Wisconsin - Madi son .

Sponsored by the United States Army under Contract No. DAAG29-75 -C-0024.
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The function y ’ given by

y ’ (A) = genus A

also classifie s the sets in E . Our objective in this note is to verify that

these classificat ion s are identical in general , i . e . ,

(1) y (A ) = cat MA genus A = y ’ (A) , A e E .

A special case of (1) for compact A’ s is contained in Rabinowits (33 . We

will verify (1) in a very general setting as follows .

Let E denote any contractibl e paraco mpact fre e G-space whe re G is a

compact Lie group. Let E denote the closed , invariant subsets of E and set

B = E/G. Then for A ~ Z , cat BA* is de fined as before , where A* is the

orbit space A/G . Now, set G-genus A — k if there is a G-eq~aivari ant map
k

(2) f :A -
~~ ~~~~~~~~~~~~ (k~fo1d join (61 )

and k is minimal with thi s property.

Theorem. For A E E we have

(3) cat 5A* = G-genus A.

Note that Cl) is a corollary of (3) by taking G = and observing

that the k-fold join of the 0—sphere S° is just s~~
1 which is the unit

sphere in I~~ . The corre sponding result to (1) for complex Banach spaces is

obtained by taking G — S1 unit circle of complex numbers of norm 1. We

should also remark that the ide a of using (2) for an “Inde x theory ” appears

briefly in [71 .
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2. Preliminaries.

Throughout G will denote a compact Lie Group and 3 will denote the

category of free paracompact G-spaces. An object X € 3 may be identified

with the principal kundle p : X + X/G , whe re p is the natural projection to

the orbit space X/G . Hen ce , the general theory of principal bindles over a

paracompact base applies (see ( 8 ] ) .  We will also find the following definit ion s

convenient .

2.1 Definition. A free G-space Y € 3 is called a G-ENR (Euclidean

Neighborhood Retract G—space ) if

a) the re is a real. representation P : G + 0(n) of G as orthogonal

matrices for some n ;

b) the re is an equivariant imbedding h:Y -~ ]R’ of Y In 1R~~, i.e.

h ( gy) p (g) h (y) ;

c) there is an invariant neighborhood U of f (Y) c ]R5 and an equi-

varia nt retraction of U onto f (Y) , i.e. the re is a map r:U ~ h (Y) such

that r (u) = u when u € f (Y) and r (~ (g)u) = ~p (g) r Cu) .

2 .2  Proposi t ion. Let X e 3 , A a closed invariant subspace of X and

Y a G-~~1R. Then any eqtiivari an t map f:A + Y has an equiva riant extension

f:V -
~ Y , where V is an invariant neighborhood of A In X

Proo f. We assume wi thout loss that Y c IR’~ and G C 0(n) . Then,

employing the Tietze-Gleason Exten sion Theorem (91 , there is an equivari ant

extensi on F:X -~ Le U denote the invariant neighborhood of Y which

adm it s an equiva riant retracti on r:U -~ Y. Then , if V — r~~~(U ) ,  f .  r . (Fly)
is the requi red extension : V -P Y •

2 . 3  Remark. The compact Lie grow G is a G-SHR (93 . In fact , •iezy

compact amooth G -inan ifold is a G-F2I R (9) . Hen ce , the neighborhood .xt.nsiat

theorem (Proposit ion 2 . 2 )  applies for maps into these spaces. Palais [91 de fines

a G-AN R as a space Y which sat isf ies Proposition 2.2  for normal space. X ,

—3 —
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so that every G-~~ R is a G-ANR.

We also recall the notion of jo in. Let Y
1
,Y
2
. ,Y~ denote G-spaces

and consider the space

(4) (I x y
1

) x (I x y
2

) X ... X (I x

a point of which is designated by

(5) (t
1
y
1
, t

2y2 , .. ., ~~~~ .

Let J denote the subset of (4) consisting of points (5) with the added condi-

tion that Et~ — 1. Def Ine an equivalence relation “ by setting

(t
1Y1

t
2Y2....~

t~y~) ~~~~~~~~~~~~~~~~~~

if t~ — 9 !or all j  and Yj — whenever t~ ~
I 0. Then we set

(6) Y~ o Y
2 

o ... • 
~k

employing the identificat ion topology. The action

G x ( Y
l

o . . . o Y
k

) + Y
l o . . . o Y k

given by

g[t
1
y
1
, ..., t

31
y
31
] — (t

1gy1, tj~9Yj~
]

is cont inuous whenever the Y~ ‘a are compact [6).

2.4 1m~~a. Suppose Y is a free G-space, with Y c 1R~ and G C 0(n).

Then, there i. an equivariant imbedding

with the additional property that y
1 ~f y2 implies f (y

1
) and f (y

2
) are

independent , i.e. they do not lie on a line thru the origin.

2Proof. Set f (y) — (y, II yfl ) ,  y c 1R~ , Il yli — norm y

This lemma is used to prove the following proposition which is essentially

Lemma 2.7.9 of (9) .

2.5 Proposition. If Y , •.., Y~ are compact G-ENR’s, so is the k-fold
-~~~~~ 1

join

... • Y ~~.

—4—
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Proof. We need only show this for k = 2.  Clearl y ~ is compact .

We may assume without loss, that is a closed G
1 
- subspaoe of ]R~~, whe re

c 0(p) and G1 is isomorphic to G, say by P1:G1 
-‘ G1 . SimiLarly, we

may assuma that there is an i scinorph ime P 2 
G ± G2 

c 0 (q) and is a G 2-

subepace of

~~~n, there is a natural eguivariant map ~~: ~ ~ • 1~q .  given

by

fl: (t
1
y
1
,t
2
y
2
] 9 t1

y
1 
• t

2y2

whe re G acts on • via the diagonal action

g (y1
,y
2
) — (rP

1
(g)y

1
, c2

(g)y
2
).

Now, if we use Lemaa 2 4  we may al so assume that distinct points y1 ,y~ of

are independent vectors and similarly for 
~2 

Then , if

t ‘p 5 
~~ ~ 7 — ~~~

i
~~

7 I 5 t ’~~’l~1 2’2 1’1 2~ 2

we have t
1
y1 

= tj Yj  and t
2y2 

= t y  . This forces

[t 1y1,t2y2 ] — (tj y ~ , t~ y )

and v~ is inject ive, hen ce an imbedding. Now, suppose

p~ :U i
-PY , i 1 ,2

are invariant retractions where U
1
U
2 

are Invariant neighborhoods of and

in P1’ 
• ~

q , respectively. Now, let U denote the union of all lines

L(u11u2 ) ,  u~ € U~. Thus a point u € U has the form

(l-t)u 1 + tu2 , -
~~~ 

< t  <

Set

~ 

p
1
(u
1
), if t < 0

p( ( l— t) u1 + tu2 ) — c~ (l—t )p1(u
1

) + tp2 (u2), if 0 < t  < 1

L ~2 (u2 ), it t

p: U -~ • is an equivariant retraction and hence . is a G-ENR .
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The following proposition use s the obvious fact that L - S

category is subadditive , i .e.  if Y u c M , where are closed in

M , i = l 2 , then

cat MY < catH Yl + catM ’Y2
4

2.6  Proposition. Suppose Y1 ~2 arc compact invariant subspaoes

contained in a free G-space E , and let I — Y~ °

cat~~ Y~ < cat~~ Y~ + eat~~ Y~

where A* = A/G .

Proof . o Y2 split s into t~~ pieáes

1
= {(y 1,t ,y 2 ) , t <

~~~
- }

1X2 ( (y
1,t ,y2 ) ,  t <

~~~~
- }

with I~ a strong de formation retract of X~ (equivariantly) . Thus Y~ is a

strong deformation of and since

cat~~ Y* < cat s x~ + ~~~~~~~
1. 2

we have the desired re su lt .

2 .7  Corollary. If I —~~~~ o then cat 1*Y* < k .

The next propos ition establishe s that G-genus is also subadditive.

2.8 Proposition. If Y e 3  and Y — Y
1

u T
2 

where I
~ 

and are

closed invariant subepaces, then

G-genus I < C-genus Ti + G-g.nus 13

Proof. Suppose G-genus Ti k1 
and C-genus 

~2 
- k2 . Let

... . ~~
“, t~~— ’G.  ... .

and observe that H1 and H2 are compact G-~~ R ’ s (Proposition 2 5) Suppose

: Y~~+ H J , i 1 ,2

—6—
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are .quivariant maps. Then f~ extends to an equivariant snap

Uj + H j , i =  1,2

where u1 is in Invariant open set containing 1. . Select an equivariant

part ition of unity 
~~ 

I -
~ [0 , 1) so that

c ~~~~U0,l) )  c U~ , i = 1,2

Then , def ine an equivariant map

f :Y - P R
1

e H
2

by setting

f ( y) = (p 1(y)f ~~(y) ,  p 2 (y)f ~~(y) 1

and the resu lt follows.

2.9  Remark. Let us re call that if we set = ° and

= Yk/G , we have natural imbeddings

G + * • s + Y k + Y k+l + • •
~

+ 4 4
-I

* .4. ~~~~ ~~* 4 Y
~+1

L 

and the direct limit yields the Milnor universal bindle (6] (EG.pG .BG
) for G.

Now, if E is a contractible, paracompact free C-space , and if E/G = B , then

(E ,p, B) is also a universal bindle for G-bindles over pa raco inpact spaces [10] .

As we have seen , C-genus is subadditive bat the proof was more substantial

than the corresponding trivial result for L - S category. Just the opposite

occurs for the “monotone” property. If ~P: X 9 1 is an equivariant map (In

~~) ,  then it is immediate that

C-genus X < G-genus I

However , the corresponding result for L - S categ ory requires some details -

and makes use of the classification theorem for C-bandies.

—7—
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2.10 ~~~~~~~ Suppose X1 
and X

2 

are closed invariant subspaoes

of paraccapact free C-spaces E1 and E2 , respectively. Then , if P:  X
1 

4 X
2

is an equivariant map and if

X~~~ — X1/G, X~ = X 2/G, B1 = E1/G, B2 = E2/G

then

cat < cat X~B1 
— B2 2

Proof. The bandies (E~ ,p~,B~) i = 1,2 are universal bandles and hence

we have the following diagrmn of handle maps

a
X1 —+ X2 —+ —

~~

q
1 1  ~~~ 

~2t ~
‘lt

&
X~ —9 X~ —+ B2—~ B1 -

where ~ is given , i2 
is inclusion and a exists via the universali ty of

(E1,p1,B1
)

Now, suppose catB X~ = k < . The re , X~ adeits a closed cover IC~ , . . .  , I(~

of sets contractible in B2 
to a point. If we set Al = ~~ ( K) ,  we have a

closed cover {AI ,. .  . ,A~ } of X~ and

& ~ o (
~ 

A*) constant (in B1) .

However , since (E1,p1,B1
) is universal , we have

a . i2 o P ” i 1

where i1 s -~ B1 is inclusion. Thus, each Al is contr actible to a point

in B1 and

cat < cat5 X~B1 2 2

r

—8— 
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3. Category vs Genus

3.1 Theorem. Let E denote a contractible, paracompact free G-space

and let Z denote the closed invariant subspaces of E . Then if B = E/G

and A* = A G , we have

catBk = G-genus A , A € E

Proof . a) We show first that catB
A < G-genus A. Suppose that G-genus

A = k < . Then, we have an equivariant map

k
f : A - * Y G e  .“~~~~G C E

But then, using Proposition 2.10 and Corollary 2 . 7

cat BA < cat
B
G 
1* < cat~, 1* < k

Thus ,

cat BA < G—genus A

b) Now, suppose cat B A* = k < — . Then,

A* = A ~~ u •~~~~u A * k

where each A~ is closed and contractible in B . Now , since G-genus is sub-

additive (Proposition 2.8) we have

G-genus A < G-genus A t

where A
t 

= p~~ (At) , 
~A A -~~ A/G = A* the natural projection. Since each

is contractible to a point in B • the handle (A ,pA , A*) is a trivial G-hindle

and hence we have an equivariant map

- - f t s A t * G

so that C-genus A
t 

= 1 , £ = 1, . . .  ,k. This proves that

G _ g e n u s A < k = c a t 5 A *

and the proof is complete .

-9-
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There are some noteworthy examples:

3.2 Let 8 denote an infinite dimensional Banach space over the reals

F .  Let G = = {-l , i)  act on 8 by scalar mult iplicat ion and let E denote

the closed invariant subsets of E = 8-0 . Def ine the real genus of A € E by

genus~~A = Z
2
—genus A

Then ,

genus~~A = cat BA

where B = E/ B2 , A* = A/ B2 . As we have alre ady observad , genus~~ A = k <

kis equivalent to saying that there is an equivariant (odd) map f : A +3R - 0

and k is minimal with thi s pr operty, so that genus~~ is ordinary genus in tie

sense of Icrasnoselskii (2] .

3. 3 Let ~ denote an infinite dimensional Banach’ space over the complex

numbers ~ . Let G = S1 , the complex numbers of norm 1. Then G acts freely

on E = 8-0 , again by scalar mult iplications. Let E denote tie closed Invar-

iant subsets of E and define the comp lex genus of A € S by

genus~A = S1-genus A

then ,

genus~A = cat
BA

where B = E/S~ , A* = A/S1. We al so mention here that genus~A = k < — is equiv-

alent to sayin g that there is an equivariant map f: A + ~
k 

- 0 and k is min i-

mal 4th this property.

Another con sequence of Theorem 3.1 is the following result which asserts

tie independence of L - S category on the ambient Banach space .

3.4 Corollary. If , i = 1,2 are real (complex) Banach spaces (not

necessarily infin ite disnensi cnal ) and A
j  

C 8~ - 0 are closed invariant subsets

admitting an eq~ivariant homeomorphime ~: A
1 

-4 A
2 

, t hen

cat A* — cat A*

- - 
B
1 

1 

~~~2 
~~

where B

~~ 

— — 01/ Z2 
(~1)

—10—
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Proof . If both Banach spaces are In f inite then

cat5 A~~ = G-genus A
1 

— G-genus A
2 

— cat
5 

A~

To complete the proof it suffice s to prove the following lenma.

3.5 Lseuna. Let 8 denote an Infin ite dimensional Banac}i space over

R or ~ and let L denote a finite dimensional subspace. Let A denote a

closed invariant set in L - 0. If C — (L - 0)/C, B ~ (8 -  0)/C , A — A/C,

where C = or , then

cat~A* = cat5A*

Proof. We consider only the real case. We may identify L with IRn

and if Z2-genus A — k  • then k < n  and we have a diagram of handle maps

~~ k—l i — 1
A — 4 $  -+ Sn —+ Sn

‘
~ I - 

I !‘ k~~~1 I ~‘n-1 I
A* 

~~~~ ~~~k_l
.~~~~~ 

~ p t1 ~~~~ m?
where ~ is the equivariant map obtained from tie fact that Z 2-genus A k

and i is inclusion. is the union of k contracti ble closed sets,

• ,K ~ and hence if we set 
Al 

= ‘~~ 

1

0(1) ,  we have that each map

1 o (
~~~~~~Al) “ constant (in

We may assume without loss that A
t 

— q 1 (Al) C and is a finite sub-

complex of dimension < n—i . Since (St1,P ,PpTl ) is n-universal 111] 3
j* .jO ~~ JA * % j :A * C f l~iP .

Thus , 
Al 

is contractible in F,~n This forces Al to be a proper subset of

and hence Al is deformable in F,pfl•~l to ~(~f l 2  
Repeating the above

- 

- argument then forces Al to be contractible in and so

catCA* c k — *2—genus A — cat5k* •

Since tie inequality cat5A* < cat~p is obvious the lemma follows and the proof

of Corollary 3.4 is ccaplete .

.1.11=
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